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UNDERSTANDING THE CONCEPT OF COPLANAR IN
GEOMETRY

In  the  study  of  geometry,  few  foundational  concepts  are  as
essential  yet straightforward as the idea of coplanarity.  When
students first encounter this term, it often appears in the context
of points, lines, and shapes. But what is coplanar in math? At its
core,  the  definition  is  simple:  objects  are  coplanar  if  they  all  lie
within the same flat, two-dimensional surface known as a plane.
This  plane extends infinitely in  all  directions,  but  the key is  that
every  point  or  line  in  a  set  of  coplanar  elements  exists
somewhere on that shared surface. Understanding this concept is
critical  for  solving  problems  in  coordinate  geometry,  vector
algebra, and even real-world applications such as architecture
and  engineering.  Without  a  firm  grasp  of  coplanarity,  more
complex topics like 3D geometry and spatial reasoning become
difficult to navigate.
The  term  "coplanar"  comes  from  the  prefix  "co-"  meaning
"together" and "planar" meaning "relating to a plane." Therefore,
coplanar literally means "together on a plane." This might sound
simple, but the implications are far-reaching. For instance, any
three  points  are  always  coplanar  because  they  define  a  plane.
However, adding a fourth point introduces the possibility that it
could lie outside that plane, making the set non-coplanar. This
nuance  is  a  common point  of  confusion  for  learners.  In  this
article, we will explore the definition of coplanar in depth, discuss
how to test for coplanarity, differentiate it from related concepts
like  collinearity,  and  provide  practical  examples  to  solidify
understanding. Whether you are a student preparing for an exam
or a curious mind seeking clarity, this guide will demystify the
concept.

WHAT IS A PLANE IN MATHEMATICS?

Before  diving  deeper  into  coplanarity,  it  is  essential  to
understand  what  a  plane  is.  In  mathematics,  a  plane  is  a  flat,
two-dimensional surface that extends infinitely in every direction.
It  has  no  thickness  and  is  defined  by  three  non-collinear  points
(points not on the same line). A plane can also be described by a
linear equation in three-dimensional space, such as ax + by + cz
+ d = 0. Every point on the plane satisfies this equation. Think of
a plane like an infinite sheet of paper that goes on forever. When
we say that points or lines are coplanar, we mean that they all fit
somewhere  on  that  infinite  sheet  without  needing  a  second
sheet.
Planes are fundamental in geometry because they serve as the
building  blocks  for  defining  shapes,  surfaces,  and  spatial
relationships.  In  three-dimensional  space,  multiple  planes  can
intersect, be parallel, or be skew to one another. Understanding
how  objects  relate  to  a  single  plane  is  the  first  step  toward
mastering  more  advanced  topics  in  linear  algebra  and  3D
geometry.

Defining Coplanar Points
The simplest case of coplanarity involves points. In mathematics,
any set of three points is always coplanar. Why? Because three
points determine a unique plane—unless they are collinear (all on

the  same  line),  in  which  case  there  are  infinitely  many  planes
that contain them. For four or more points, coplanarity is not
guaranteed. The points are coplanar only if they all lie on the
same plane. For example, the four corners of a rectangular table
are coplanar because they all rest on the flat surface. However, if
you lift one corner, that point is no longer coplanar with the other
three.
To determine whether a set of points is coplanar, mathematicians
often use vector methods. Given three points A, B, and C, we can
form two vectors: AB and AC. The cross product of these vectors
gives a vector normal (perpendicular) to the plane containing A,
B, and C. Then, for any fourth point D, we check whether the
vector AD is orthogonal (perpendicular) to this normal vector. If
AD is orthogonal to the normal, then D lies in the same plane as
A, B, and C. This is equivalent to saying that the triple scalar
product  of  the  vectors  AB,  AC,  and  AD  equals  zero.  This
condition—known as the coplanarity condition—is a powerful tool
in vector geometry.

What Are Coplanar Lines?
Lines can also be coplanar. Two or more lines are coplanar if they
lie in the same plane. In three-dimensional space, two lines can
be  parallel,  intersecting,  or  skew.  Parallel  lines  are  always
coplanar because there is always a plane that contains them.
Intersecting lines are also coplanar because they cross at a point
and  define  a  plane  that  contains  both  lines.  Skew  lines,  on  the
other hand, are never coplanar. Skew lines are lines that are not
parallel  and  do  not  intersect,  meaning  they  exist  in  different
planes. A classic example is a pair of train tracks that cross at
different elevations—they are skew lines.
Understanding  coplanar  lines  is  important  in  fields  such  as
computer graphics, where rendering a 3D scene requires knowing
which lines and edges share a common surface. In engineering,
coplanar forces are forces that all act in the same plane, which
simplifies calculations for equilibrium and structural analysis.

HOW TO DETERMINE IF POINTS ARE COPLANAR

There are several  methods to test whether a set of  points is
coplanar. The most common approach uses vector algebra, but
there  are  also  geometric  and  algebraic  methods.  Below,  we
outline the most practical techniques.

Method 1: Using the Triple
Scalar Product
Given four points A, B, C, and D, we compute the vectors AB, AC,
and AD. The triple scalar product (also called the box product) is
given by AB · (AC × AD). If  this value is zero, the points are
coplanar. This method is straightforward and commonly used in
linear  algebra  and  vector  geometry.  To  avoid  confusion,
remember  that  the  cross  product  produces  a  vector
perpendicular  to  the  plane  containing  the  first  two  vectors,  and
the dot product checks whether the third vector lies in that plane.
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Method 2: Using a
Determinant
Another algebraic method involves setting up a 4x4 determinant
with the coordinates of the points. For points (x1, y1, z1), (x2, y2,
z2), (x3, y3, z3), and (x4, y4, z4), the determinant of the matrix
formed by the coordinates with a row of ones is evaluated. If the
determinant equals zero, the points are coplanar. This approach
is equivalent to checking whether the volume of the tetrahedron
formed by the four points is zero.

Method 3: Geometric
Reasoning
Sometimes, geometric intuition is enough. If the points all lie on a
recognizable flat surface—like the surface of a table or a piece of
paper—they are coplanar. In more abstract problems, visualizing
the  points  can  help.  However,  for  rigorous  proof,  algebraic
methods are preferred.

REAL-WORLD EXAMPLES OF COPLANAR OBJECTS

The concept of coplanarity appears in many everyday situations,
often without us noticing. Here are a few real-world examples
that illustrate coplanar objects.

A sheet of paper: Any points drawn on a flat sheet of
paper are coplanar because the paper defines a plane. If
you crumple the paper, the points become non-coplanar
relative to the original plane.
The floor of a room: The four corners of a rectangular
room are coplanar if the floor is level. However, if the floor
slants, the corners may not be coplanar with a horizontal
plane.
A window pane: All four corners of a windowpane lie in
the same plane, provided the pane is flat and not warped.
Intersecting roads: Two roads that cross at an
intersection are coplanar. If one road goes over or under
the other via a bridge, they are not coplanar.
Computer graphics: In 3D modeling, polygons are
defined as coplanar sets of vertices. If vertices are not
coplanar, the polygon is considered degenerate and may
not render correctly.

DIFFERENCE BETWEEN COPLANAR AND COLLINEAR

A  common  point  of  confusion  among  students  is  the  difference
between coplanar and collinear. While both terms describe the
arrangement  of  points,  they  refer  to  different  dimensions.
Collinear  points  lie  on the same straight  line,  which is  one-
dimensional. Coplanar  points lie on the same plane, which is
two-dimensional. All collinear points are also coplanar (since a
line can always be contained in a plane), but the converse is not
true. For example, the vertices of a triangle are coplanar but not
collinear.  In  contrast,  points  on a  line  are  both  collinear  and
coplanar.
This  distinction matters when solving geometry problems.  For
instance, if a problem states that four points are collinear, they
must also be coplanar. But if the problem states that four points
are coplanar,  they could  be collinear  or  non-collinear.  Always
check the context to avoid misinterpretation.
COPLANAR VS. NON-COPLANAR: KEY DIFFERENCES

Understanding the difference between coplanar and non-coplanar
is  fundamental  to  spatial  reasoning.  Here  is  a  side-by-side
comparison to highlight the key contrasts.

Feature Coplanar Non-Coplanar

Definition All elements lie in
the same plane.

At least one element lies
outside the plane.

Dimensionality 2D (flat surface) 3D (requires depth)

Examples
Points on a
tabletop, lines on
a page

A tripod's feet (three
points define a plane, but
the fourth leg tip is often
non-coplanar)

Testing
Triple scalar
product equals
zero

Triple scalar product is
non-zero

Common Mistake
Assuming four
random points are
always coplanar

Assuming two skew lines
are coplanar

This comparison underscores why coplanarity is a condition that
must  be  verified,  not  assumed.  In  many  geometry  proofs,
establishing  coplanarity  is  a  crucial  step  before  applying
theorems  like  those  involving  angle  sums  or  parallel  line
properties.

IMPORTANCE OF COPLANARITY IN MATHEMATICS
AND BEYOND

Coplanarity  is  not  just  an  abstract  mathematical  idea;  it  has
practical  implications  in  various  fields.  In  mathematics  itself,
coplanarity  is  essential  in  geometry,  trigonometry,  and  linear
algebra. For instance, when working with


